In the present work, a diglycidyl ether of bisphenol A (DGEBA)-based epoxy resin was modified with the help of a liquid rubber (LR) obtained from the pyrolysis of rubber. Tensile tests on samples of rubber modified epoxy resins (REs) containing varying rubber volume fractions (RVF) were conducted to obtain their tensile properties. Fractographic analysis of fractured samples using field emission scanning electron microscopy (FESEM) revealed the presence of phase separated rubber zones characterized by microvoids, distributed uniformly in the epoxy domain. Young's modulus and yield strength of REs were observed to drop with RVF. A three-dimensional (3D) finite element model was employed to predict the elastic properties and stress distributions in REs. Various stress distributions and their dependence on the properties of rubber were examined in detail through the model. The effect of rubber properties on bulk elastic properties of the REs were also studied. Lastly, the effective stress-strain relationship was predicted with the help of an elastic-plastic analysis. Predicted results showed coherence with experimental results.
Introduction
Epoxies are thermosetting resins; cured using a wide variety of curing agents, commonly known as hardeners. Their excellent mechanical, thermal and chemical properties make them viable candidates for a wide spectrum of applications. Their application area is however, limited to low toughness applications due to the formation of crazes. These crazes are the result of strain localization under small macroscopic deformations.
Use of rubber based modifiers for enhancing the toughness of epoxy resins has been studied extensively and reported by different researchers (1) (2) (3) . An increase in fracture toughness and impact strength has been reported by almost all of them. This increase is tied to a reduction in the overall stiffness and strength of rubber modified systems. In principle, an initially miscible liquid rubber modifier is added to the epoxy resin in an uncured state to ensure superior dispersion as compared to solid particles (4) . As curing proceeds, the rubber phase undergoes a reaction induced phase-separation due to the decrease in the entropy of the system (5). Researchers (6) have also tried alternative methods of modifying epoxy resins by pre-crosslinking carboxyl-terminated acrylonitrile-butadiene (CTBN) with them. Significant improvements in the impact and tensile properties over the non-pre-cross linked systems have been reported. Researchers have attributed this to the enhanced adhesion between the interfaces and formation of interpenetrating networks at a local level. The usable concentration range for liquid rubbers is 5-30 vol. %, beyond which phase inversion or agglomeration of rubber rich zones takes place. The size of these phase separated rubber "particles" can be optimized by controlling the curing conditions. Optimum enhancement in toughness is obtained when the particle size range is between 1 and 10 μm. Two major toughening mechanisms, cavitation and matrix shear yielding have been held to be responsible for the enhancement of toughness in rubber modified epoxies (7) .
An earlier approach for the finite element (FE) modeling of such systems was to consider rubber particles as voids. For example, (8) employed a cylindrical twodimensional (2-D) plane strain model for modeling rubber toughened epoxy systems. They modeled rubber particles just as voids by using a rather low bulk modulus (~16.67 MPa). Later, (9) acknowledged this problem and alleviated it by using higher value of bulk modulus for rubber. They did this by employing a higher value of Poisson's ratio for rubber (~0.4999). It was later pointed out by (10) , that most rubbers have bulk modulus around 2 GPa. The spherical model presented by (11) assuaged the shortcomings of the material models used earlier by considering a higher value for the rubber phase. The spherical model is based on the averaging of the effect of adjacent particles and avoids directionality. The procedure for applying loads is iterative in the spherical model, increasing the complicacy. A large displacement elasticplastic analysis of rubber modified polymers through a three-dimensional (3D) FE model was presented by (12) . They modeled rubber particles to be arranged in a facecentered cubic (FCC) fashion in the epoxy matrix to permit complete interaction between them. Various local stress concentrations in rubber modified polymers were studied through their FE model. They also simulated initiation and growth of shear bands.
In the last decade, the numerical homogenization technique (NHT) has emerged as a crucial tool for the predictive modeling of composites and for that matter any heterogeneous media (13) . In this technique, the heterogeneous media is assumed to be homogenous in an average sense. The volume averaged stresses and strains are then used to predict its bulk elastic properties. The use of NHT for determining effective properties of heterogeneous media with spherical (13, 14) as well as ellipsoidal inclusions (15) (16) (17) has been employed widely. The Fourier series was used by (18) to deduce the relationship between the elements of the stiffness matrix and the bulk elastic properties of the material. The relationships have been shown by them to be valid for fiber reinforced composites. Simplified relations between the elements of the stiffness matrix and the elastic constants for transversely isotropic fiber reinforced composites have been presented by (19) . A modified form of these relations can be employed for predicting elastic constants of any biphasic material with spherical inclusions. We feel that these relations have found no application in the field of rubber toughened epoxies to date.
Most of the studies reported in the literature regarding the rubber toughened epoxy systems are either purely experimental or purely numerical in nature. Therefore, in the present investigation, we unify the experimental and numerical approaches to examine such systems. A diglycidyl ether of bisphenol A (DGEBA) based epoxy resin was first modified with varying concentrations of LR derived from the pyrolysis of rubber. Tensile tests were conducted on the dog-bone shaped specimens of modified resins. The fractured surface revealed microvoids distributed uniformly throughout the epoxy domain. These microvoids are the result of plastic void growth due to cavitation of the rubber rich zones formed due to phase separation. In order to develop conceptual understanding of the toughening mechanisms, we then present a 3D FE model. Validity of the model is established by coupling it with NHT and comparing the predicted values of Young's modulus with those measured experimentally. Predicted values of Young's modulus were also compared with those predicted by analytical equations for establishing the general acceptability of the model. Further, the FE model was also employed to simulate stress distributions in REs under different stress triaxialities. The effect of rubber properties on the bulk properties of REs and stress distributions in them were also studied in detail. Lastly, the FE model was employed to predict the effective stress-strain relationships (curves) in the REs. From the present investigation, it becomes evident that the micromechanical analysis of the liquid rubber toughened epoxies serves as an important apparatus for correlating the experimental findings with stress-distributions prevailing in such systems. The present research is an attempt to unify the experimental and numerical approaches of micromechanical analysis of liquid rubber toughened epoxies.
Experimental

Materials
A DGEBA based epoxy resin (CY-230) and curing agent triethylenetetramine (TETA) (HY-951) were purchased from M/S Huntsman India Limited. LR was procured from a locally available rubber pyrolysis plant of Divya International Limited Kashipur (India). The molds for fabrication of casting with required dimensions were fabricated from galvanized iron sheets for the development of castings. A fine coating of silicon grease purchased from Rankem India Limited as a release agent was applied to it to facilitate easy withdrawal of the cured castings.
About the filler
The LR is a thick, dense black polymeric liquid with a density of 1.1 g/mL. The micro analysis obtained on Eltra elemental analyser CS-2000 revealed the following percentages of the key elements: C -28.40%, H -2.42%, N -0.42%, S -0.36%. Fourier transform infrared (FTIR) spectra of LR was recorded with the help of a Perkin Elmer spectrophotometer over a Thermo Nicolet in KBr pellets, in the transmission mode and the peaks identified were 3411. 16 
Preparation of REs
Varying percentages of LR (0-0.258 RVF) and epoxy were mixed at room temperature with the help of a mechanical stirrer at 500 rpm to obtain a homogenous solution. The solution was heated over 80°C for about 45 min followed by degassing to remove any entrapped air. It was subsequently cooled to room temperature and cured with TETA. The mixture was then poured into GI molds and a two-step curing schedule was followed. It was first cured for 16 h at 25°C. This was followed by post curing for 2 h at 60°C to ensure proper cross-linking and development of phase separated morphology. Silicon grease was used as the release agent to facilitate easy withdrawal of castings from molds.
Characterization of REs
Morphology
The morphology of fractured samples of the developed REs was elucidated with the help of field emission scanning electron microscopy (FESEM) on a Carl Zeiss ULTRA PLUS microscope (Carl Zeiss AG, Feldbach, Switzerland). The electron voltage was kept at 15 kV. Prior to the tests, samples were gold coated to avoid electrostatic discharge during examination.
Mechanical characterization
The tensile properties were retrieved using 25 kN servohydraulic UTM (2008 model, ADMET make) at a crosshead speed of 1 mm/min as per ASTM D638 standard.
The dimensions of tensile test specimen were taken to be 165 × 13 × 7 mm 3 .
Finite element model
The complicated microstructure of REs can be simplified with the help of a micro-scaled FE model. However, it is crucial to note that the FE model must be a representative of the actual system. A FE model namely a bodycentered cubic (BCC) was employed in the present study. The BCC model is a multiple inclusion model in which rubber zones are assumed to be located in BCC pattern. It takes into account the effect of adjacent inclusions on the stress distribution in a unit cell. For reducing the computational effort, only the top one-eighth portion of the BCC unit cell was modeled. Solid186 elements available in the library of ANSYS were used to discretize the domain owing to their capability to handle material non-linearity. Mesh independence was observed in the maximum value of stresses of 24,200 elements. The representative volume element (RVE) and corresponding FE model are shown in Figure 1A and B.
The BCC model employed in the present investigation is an idealization of the actual microstructure of REs. Such a model may not seem to actually represent the microstructure of REs as it assumes the regular and uniform distribution of rubber zones. In spite of this, such a model can be employed for lower volume fraction (as in the present case) with reasonable accuracy. A random model is based on neglecting the directionality by averaging the effect of adjacent rubber particles. To predict stress distributions correctly, one has to include directionality by developing multi-inclusion models such as in the present case. It may also be noted that the present model is a simplification of the complicated microstructure of REs. But the predictions made by it can be considered an average of the values that would be obtained if the exact replica of the microstructure is modeled. Thus in an average sense, the predictions made by the BCC model may be considered to be valid.
NHT and periodic boundary conditions
The NHT is one of the most powerful and dynamic tools for predicting bulk elastic properties of heterogeneous media. The main idea behind it is to obtain a globally homogeneous medium equivalent to the original material. Such that the strain energy stored in both systems is approximately the same. In the NHT, the common approach to model the macroscopic properties of heterogeneous media is to generate an RVE.
For the 3D formulation of RVE, the Hooke's law can be written as (where directions 1, 2 and 3 are aligned with global X, Y and Z directions): 
where, the over-bar indicates the average quantities (stresses and strains) computed over the RVE volume. The elements of isotropic stiffness tensor, C ij are related to the elastic constants of the RE by the following relations [see eqs. (2a-d)] provided by (18) . A modified form of these relations was formulated by us to determine the elastic properties of biphasic materials such as RE in the present case. 
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Overall bulk modulus of REs can be obtained from the relation:
In order to obtain the elements of the isotropic stiffness tensor, the RVE is subjected to a strain ε 0 in the X-direction as well as the periodic boundary conditions in terms of displacement. Application of the strain ε 0 on the RVE edge leads to a complex strain state within it. This applied strain ε 0 is however, equal to the volume averaged strain developed in the RVE, i.e.
where, ε ij are the strains developed in the finite elements.
The relationship between average stresses and strains and the isotropic elastic tensor eqn. [1] can be written in contracted notation as:
where, i, j = 1, 2…3 and α, β = 1, 2…3.
By equating the applied strain ε 0 to a unit value and solving the RVE, the stress field σ α associated with each finite element was computed. The average value of this computed stress gives the required isotropic elastic tensor component as,
The integral was calculated element by element through a user defined macro in the ANSYS Parametric Design Language (APDL) (ANSYS inc., PA, USA).
The main ideology behind the generation of RVE is that the overall material can be considered as the congregation of these RVEs. This calls for the application of periodic boundary conditions to it. The periodic boundary conditions ensure that each RVE inside the RE has the same deformation mode. No estrangement and imbrication is permitted amid them, while maintaining the repeatability of RVE. The periodic boundary conditions can be explained as follows: the plane X = 0 is constrained in the X direction (ux = 0), while the planes Y = 0 and Y = 5 are constrained in the Y-direction (uy = 0). Similarly, Z = 0 and Z = 5 planes were constrained in Z direction (uz = 0). A uniform displacement of 5 μm is applied on the plane X = 5 in the X-direction. This results in unit strain applied on the RVE in an average sense as already discussed. The displacement component in the X-direction represents a non-zero strain in X and at the same time zero strains in the Y and Z directions.
Material properties
The value of Young's modulus for the pristine cured epoxy resin was obtained by the uniaxial tensile test and found as 1417 MPa. The elastic-plastic nature of epoxy obtained through tensile test was modeled with the help of multilinear von Mises plasticity material model in ANSYS. The properties for the rubber however, cannot be measured directly as the rubber zones are formed due to phase separation and in situ polymerization (9) . Therefore, a suitable assumption was made for its properties. It is important to note that rubbery materials have a very small Young's modulus (~1 MPa). However, their Poisson's ratio is typically in the range of 0.49-0.5. These values are reasonable as the values of 1 MPa and 0.49992 yield a bulk modulus of 2083 MPa, which is typical for most rubbery polymers (10) .
A higher value of rubber bulk modulus has a profound effect on the hydrostatic tension in the rubber zone. It leads to higher hydrostatic tensile stress in the rubber zone and facilitates the plastic void growth phenomenon, post-cavitation. In the present case, the FESEM micrographs clearly reveal that the cavitation of rubber zones followed by shear yielding is the prominent toughening mechanism in the REs. Therefore, we have chosen a value of 1 MPa for Young's modulus and 0.49992 for the Poisson's ratio for rubber in the present analysis. The Poisson's ratio for epoxy has been taken to be 0.35, which is common for most of the epoxies.
Results and discussion
Morphology
The characteristic single phase morphology is observed in the pristine epoxy specimen as seen in Figure 2A . The pristine epoxy exhibits river-like ripple formations on the fractured surface. Such formations reinstate the brittle nature of epoxy resins due to the absence of any considerable plastic deformation. The glassy morphology is indicative of uninterrupted crack propagation. On the other hand, the LR modified network shows an interesting two phase morphology. This morphology is characterized by the continuous epoxy matrix phase and a secondary rubber phase appearing as microvoids (see Figure 2B ). The formation of phase separated rubber zones is the consequence of a rise in the molecular weight of epoxy as curing proceeds. Curing leads to a reduction in the solubility of the LR into epoxy resin causing it to separate itself from the epoxy (20, 21) . These rubber zones are uniformly distributed in the epoxy domain. Their prime function is to undergo cavitation or interfacial debonding and facilitate plastic void growth in the epoxy domain. The microvoids result due to the plastic void growth post-cavitation of phase separated rubber zones.
The size of microvoids formed at different rubber RVF was measured through an image analysis technique and is listed in Table 1 . With an increase in rubber concentration, there is a continuous increase in both the density and diameter of these microvoids. Up to 0.155 RVF, the average size of microvoids is ranging between 1.82 and 4.42 μm.
On increasing the RVF to 0.207 and 0.258, the size of rubber zones increases markedly ( Table 1 ). The average size of microvoids reaches around 13 μm at these concentrations. Too large rubber particles provide an insignificant toughening effect primarily due to the particle bridging phenomenon due to small stiffness (22) . Similar results have been obtained by (23) and (24) epoxy resin with CTBN rubber and liquid natural rubber (LNR), respectively. They also reported a continuous increase in the size and density of rubber zones with its concentration. Cavitation of rubber rich zones has been attributed to be the main driving force behind shear yielding to be activated in the matrix by (25) . In their interesting study, the authors restricted the cavitation phenomenon in CTBN modified epoxy systems through mechanical means. They concluded that in the absence of cavitation, the shear yielding phenomenon reduced drastically.
Mesh independence test
Figure 3A-C shows the result of the mesh independence test. The mesh independence test was conducted to determine the optimal number of finite elements for the results to become independent of the number of elements. For this, the predicted values of two independent elastic constants of the REs (Young's modulus and Poisson's ratio) were plotted against the number of elements ( Figure 3A and B). Predicted values of the elastic properties were normalized w.r.t. matrix properties given in the Section 3.2.
The test was repeated to obtain the optimum mesh size for stress analysis ( Figure 3C ). For this, the faces X = 0, Y = 0 and Z = 5 were constrained in X, Y and Z directions, respectively ( Figure 1A ). Face Z = 0 was subjected to a uniaxial tensile load. X and Y direction stresses were kept equal to zero. The maximum von Mises stress obtained in the RVE was divided by the applied stress to obtain the stress concentration. Mesh independence was observed beyond 15,000 elements in both the cases. Keeping in view the mesh independence and computational efficiency, a total number of 24,200 elements were used in the analysis. Figure 4A shows the variation of average Young's modulus as a function of the RVF. Five specimens of each concentration were prepared and tested. The average values of Young's modulus have been reported. It can be perceived from Figure 4 that as the RVF is increased, there is continuous reduction in modulus. The modulus of the pristine cured epoxy was obained to be 1417 MPa. The addition of a mere 0.052 RVF reduced the modulus to 1222 MPa. At 0.258 RVF, the Young's modulus dropped to 688 MPa which is about 50% of the pristine epoxy. The decrease in tensile modulus may be attributed to the addition of a lower modulus secondary phase in the epoxy resin. It can also be due to the reduction in the crosslink density of the cured epoxy resin owing to the addition of LR. Another reason might be the plasticizing effect of LR on the epoxy resin due to partial phase separation. Similar results for tensile modulus have been obtained by (1) and (26), who used LNR and hydroxyl-terminated polybutadiene (HTPB)
Effect of RVF on the Young's modulus of REs
This effect may be due to the ambiguity associated with the description of the properties of rubber. These inaccuracies are unavoidable due to the fact that rubber properties cannot be obtained experimentally. Moreover, there could be some softening of the epoxy phase due to incomplete phase separation. The unseparated component of LR remains dissolved in the epoxy in the cured state and causes "extra" lowering of stiffness. The plasticizing effect of rubber on the epoxy has also been reported by (1) and (2) . The onslaught of plastic deformation can also be attributed to the discrepancy between the experimental and predicted values. A similar discrepancy between simulation and experimental results was reported by (11) for the spherical model. An assumption of the distribution of rubber zones may also be the reason behind the discrepancy. Nevertheless, the results are in good agreement with each other and are within permissible limits. For example, the experimentally measured value of Young's modulus is around 688 MPa at 0.258 RVF, whereas, the predicted value is 866.19 MPa, which is a difference of about 180 MPa. It is noteworthy that the predictions of Young's modulus from the BCC model lie very close to those by Halpin-Tsai (HT) equations (27) . Figure 4B shows the variation in the normalized effective mechanical properties of the REs as predicted by the BCC model. A linear dependence of properties on the RVF can be seen from the figure. Both the Young's modulus as well as shear modulus decrease gradually. On the other hand, the bulk modulus and Poisson's ratio increase with RVF.
Effect of applied stress system triaxiality
A triaxial state of stress exists ahead of the crack front. The simplest way in which such state can be developed is by subjecting RVE to hydrostatic stress. For comparison purpose, we have first kept the material properties used by (11) . The matrix has a Young's modulus of 3000 MPa and a Poisson's ratio of 0.35. The rubber particle has a Young's modulus of 1 MPa and Poisson's ratio of 0.49992. Study has also been carried out for a void-matrix system by replacing rubber particles with voids. The predictions have been compared with a spherical model of (11) and the FCC model of (12) . The volume fraction of rubber and voids has been taken to be 0.2 to maintain similarity. Each time, the stress in X and Y directions have been varied and stress in Z directions has been kept constant. To maintain one-eighth symmetry, faces X = 0, Y = 0 and Z = 5 were constrained in X, Y and Z directions, respectively (see Figure 1A) . The faces X = 5, Y = 5 and Z = 0 were subjected to the load. Table 2 gives the account of predicted stress concentrations in rubber and epoxy phases using different models.
All the three models predict approximately equal von Mises and direct stresses in the epoxy matrix under a purely hydrostatic state of stress. The spherical model predicts hydrostatic stress in particles very well at all stresstriaxialities. The predictions made by it for direct and von Mises stresses, however, exhibit a rather slower rate of increase as the triaxiality changes from 100:100:100 to 60:60:100. As a matter of fact, the rate of increase in the case of the BCC model is higher than FCC. For example, the values of von Mises stress predicted for rubber epoxy system by spherical model increase about 3.02 as the triaxiality is changed from 100:100:100 to 60:60:60. By the FCC model, these values increase by 3.93. On the other hand, the predictions from the BCC model increase about 4.5 times for same change in stress triaxiality. Similar trends for direct stress are obtained when the rubber particle is replaced by the void. The von Mises stress increases with the reduction in triaxiality for the BCC and FCC models. However, it is note worthy here that this change is small in the case of the FCC model. On the other hand, the spherical model predicts a continuous reduction in the von Mises stress with triaxiality.
The analysis was repeated to determine the effect of stress triaxiality on the REs. The matrix properties were kept as Young's modulus equal to 1417 MPa, Poisson's ratio 0.35. The corresponding properties of the rubber zone was kept as 1 MPa and 0.49992. The predicted values of maximum stresses were normalized w.r.t. the applied stress. The RVF was kept equal to 0.155. The stress triaxiality was varied from 1:1:1 (purely hydrostatic) to 0:0:1 (purely uniaxial). Table 3 shows various stress concentrations, as the triaxiality of the applied system is varied. It can be seen that the hydrostatic stress in the rubber zone reduces with the triaxiality in the rubber-matrix system. This indicates that a triaxial state of stress is favorable for cavitation of rubber zones. For example, the hydrostatic stress in the rubber zone is about 3 times higher when stress is purely hydrostatic as compared to when it is purely uniaxial. High triaxiality is associated with the crack tip. The rubber zones in the vicinity of crack tip are therefore more prone to undergo cavitation. On the other hand, the rubber zones located far away from the crack tip are less prone to cavitation. The purely uniaxial stress state favors shear yielding of the matrix. For example, the maximum von Mises stress under purely uniaxial stress state is about 19 times higher than that at a purely hydrostatic stress.
In the void-matrix system, the presence of microvoids enhances the von Mises stress in epoxy by about 15 times for purely hydrostatic stress. This indicates that the deviatoric component of the stress tensor plays a highly significant role post-cavitation due to the void formation. It increases about 15-fold to facilitate the shear yielding in the matrix. As the stress state transforms to a uniaxial, the von Mises stress rises to about 2.52. This value is only about 1.11 times greater than corresponding value for the rubber-matrix system. It can be seen that under purely uniaxial stress, the difference between maximum von Mises stress in epoxy with or without a rubber zone is not very high. This reinstates that the shear yielding becomes a prominent phenomenon both with and without a rubber zone under uniaxial tension. Figure 5A and B show the variation of different stresses with RVF under purely triaxial (hydrostatic) and purely uniaxial stress states. Under purely triaxial stress, the possibility of rubber zone undergoing cavitation is higher due to the higher hydrostatic stress in it. The concentration of hydrostatic stress in rubber is about 1.06, and remains almost constant throughout the range of RVF. High triaxiality defers the formation of shear bands by resisting the rise in von Mises stress in the epoxy. The von Mises stress also remains constant at around 0.12. For a void-matrix system, the von Mises stress increases rapidly with RVF. It changes from 1.58 at 0.052 RVF to 1.96 at 0.258. Crack tip stresses are typically triaxial in nature. Therefore, the rubber zones in the vicinity of the crack tip are more prone to undergoing cavitation in comparison with those located elsewhere. For the uniaxial stress state, von Mises stress in epoxys both for rubber-matrix as well as void-matrix systems increases rapidly. In this case, the rubber zones are under very little hydrostatic stress, equal to 0.35. Therefore, their cavitation is inhibited by the rise of von Mises stress. In this case, the shear yielding of the matrix precedes the cavitation of rubber zones. A similar trend is obtained for the void-matrix system. Notably, the von Mises stress concentration for both systems (void-matrix and rubbermatrix) is akin to each other, but not identical.
Effect of RVF on stresses
Under uniaxial tensile loading, the cylindrical model by (8) predicted the direct and von Mises stress concentrations to be 2.43 and 2.21, respectively. Through their 2D plane strain model, they predicted direct and von Mises stress concentrations to be 4.36 and 3.81, respectively [see table 2 of (8)]. These values were obtained for the matrix's Young's modulus and Poisson's ratio to be 3200 MPa and 0.35, respectively. Corresponding rubber properties were taken to be 2 MPa and 0.49 and RVF equal to 0.19. The BCC model predicts direct and von Mises stress concentrations for same material properties and volume fraction to be 2.74 and 2.67, respectively. That, the cylindrical model underestimates and plane strain model overestimates these stresses has been singled out by (13) . Their FCC model predicted direct and von Mises stresses to be 2.67 and 2.47, respectively, for RVF of 0.2. The predictions from the BCC model also indicated the inadequacy of the cylindrical as well as the plane strain model by (8) .
The contour plots of von Mises stress when the RVE is subjected to purely hydrostatic and purely uniaxial tensile stresses are shown in Figure 6A and B. The contours have been plotted for RVF equal to 0.155. The concentration of von Mises stress is at the rubber-epoxy interface and at the equatorial position. Under uniaxial stress, the concentration of von Mises stress occurs at the rubber-epoxy interface but in the plane perpendicular to the direction of loading. It is noteworthy here that in each of the above contours, the rubber zone is under pure hydrostatic tension. The reason is that the rubber zone has been modeled here with the assumption of a high bulk modulus but a very small shear modulus. : Concentration of von Mises stress in the FE model at rubber-epoxy interface when it is subjected to purely triaxial and at equatorial locations when subjected to purely uniaxial stress of 100 MPa. Contour plots of von Mises stress distibution for a rubber-epoxy system at RVF = 0.155 under (A) purely hydrostatic and (B) purely uniaxial tensile stress equal to 100 MPa.
Effect of rubber properties on stresses
the RVE behaves like an isotropic material as the bulk modulus of the rubber becomes equal to that of the epoxy. The stress state at this Poisson's ratio is purely hydrostatic tension with no shear component as shown in Figure 8 . A higher value of Poisson's ratio beyond this causes von Mises stress to again increase slightly in the RVE. This is due to the constraint that the von Mises stress can never be negative. Stresses have been obtained for rubber's Young's modulus ranging from 1 to 50 MPa. At 1 MPa, and Poisson's ratio 0.49, the concentration of von Mises stress is highest in the epoxy matrix. This value is about 1.7 and it remains constant for the Poisson's ratio range 0.49-0.499. Beyond this, its value sharply decreases up to 0.499989, where it becomes equal to zero. For higher values of Young's modulus, the concentration of von Mises stress is significantly reduced. For example, at 50 MPa, the maximum von Mises stress in epoxy is at rubber Poisson's ratio 0.49 is merely 0.33. This indicates the increased resistance of the matrix to yield under crack tip stresses when the Young's modulus of rubber is higher. In other words, higher Young's modulus of rubber enhances the ability of the matrix to sustain shear stress.
On the other hand, the hydrostatic stress in the rubber zone increases significantly as its Young's modulus is increased. For example again at Poisson's ratio 0.49 and Young's modulus 1 MPa, the hydrostatic stress in the rubber zone is merely 0.04. This value increases around 20 fold to 0.81 at 50 MPa and the same Poisson's ratio. With Poisson's ratio this value further increases at a faster rate and attains a value of 1 at Poisson's ratio equal to 0.49471. When these stresses were plotted against the bulk modulus of rubber, they were found to be its unique function ( Figure 7C and D) . It is noteworthy here that RVF and the matrix properties have been kept unchanged. When viewed in totality, it can be stated that as the Young's modulus of rubber is increased, the probability of cavitation increases under crack tip stresses. On the other hand, the tendency of shear yielding in the epoxy matrix is reduced for a higher value of Young's modulus for rubber.
Effect of properties of rubber on the bulk properties of REs
The dependence of bulk elastic properties of the REs on the Young's modulus and Poisson's ratios of rubber can be perceived from Figure 9A With the rubber's Poisson's ratio, the Young's modulus and shear modulus remain unchanged for almost the complete range of values ( Figure 9B ). The bulk modulus and Poisson's ratio are also independent of the rubber's Poisson's ratio to the larger part of the range. However, they exhibit a sudden increase in the value between 0.499 and 0.5. This is mainly due to the dependence of the rubber's bulk modulus on its Poisson's ratio. The rubber's Young's modulus in this case has been kept equal to 1 MPa.
The effect of the rubber's particle Young's modulus and Poisson's ratio on the bulk properties of REs was also studied using the HT equations as shown in Figure 9C and D. HT relations are semi-empirical in nature due to the fact that they have been obtained by curve fitting the elasticity solutions. To satisfy the curve, an arbitrary parameter named as reinforcing factor has been introduced whose value depends upon fiber directions, fiber geometry and loading direction and therefore it bears a physical meaning. For example, in case of circular fibers and square packing geometry, the value of reinforcing parameter differs from that in case of rectangular fibers of length 'a' and width 'b' arranged in hexagonal array. In case of spherical reinforcement, the value of reinforcing factor, is given by a different relation (27) . It is evident from Figure 9C and D that the HT equations can be employed to explain variation in Young's and shear moduli of the REs to some extent. However, the variation in bulk modulus and Poisson's ratio cannot be explained through them. The reason lies in the expression of Poisson's ratio in the HT equations. In the HT equations, Poisson's ratio is calculated through a simple "rule of mixture". The rule of mixture expresses the effective properties of a heterogeneous media as a function of their concentrations and elastic properties. On the other hand, in the NHT scheme presented above, Poisson's ratio is calculated through the elements of the stiffness matrix (eq. 3b). The FE model combined with the NHT scheme is therefore, able to capture the actual physics of the system. Therefore, there is a deviation between the NHT scheme and the theoretical models. Due to the difference in the predicted values of Poisson's ratio, bulk modulus deviates significantly from the predictions of the BCC model.
Effective stress-strain relationships
As already introduced, the stress-strain curve of the pristine epoxy was obtained through the uniaxial tensile test. A multilinear plasticity model was used to model the experimental curve. The fitted curve was then input into the APDL to predict the effective stress-strain relationships of the LR modified epoxy resins. Symmetric boundary conditions were applied on the X = 0, Y = 0 and Z = 5 planes. A uniform displacement was applied on the Z = 0 plane in the RVE (see Figure 1) . The total load was divided into 20 substeps to account for material non-linearity. At each substep, average stress and strain were calculated in the Z direction through an APDL subroutine and the effective stress-strain relationship was plotted. Figure 10A shows the experimental and predicted stress-strain curve for the pristine epoxy. Figure 10B -F shows the predicted and experimental stress-strain curve for modified epoxies for representative specimens. There is a good agreement between the experimental and predicted stress-strain relationship. As expected, the predicted curve lies above the experimental curve at all concentrations after some initial coincidence. Such a discrepancy is noteworthy, as the FE model is based upon the assumption that rubber zones are perfectly bonded to the epoxy matrix. Moreover, it may also be the result of the assumed periodic distribution of rubber zones in the matrix. The deviation of the experimental curve from linearity may be result of the plasticizing effect of LR on the epoxy as already explained. Another important point to note is that a continuous reduction in the yield strength was observed with RVF both in experimental as well as FE results. Both the size and density of the rubber zones increase with an increase in its RVF. As a result of which, the distance between them decreases and there is an overlapping of stress fields of adjacent zones.
Overlapping of stress field results in higher stress concentration and early yielding of the epoxy matrix leading to a lower yield strength at a high RVF. Figure 11 shows the development of von Mises stress distribution in RVE under uniaxial tensile strain. Under a small strain ( Figure 11A and B) , the formation of shear bands at equatorial locations of the rubber-epoxy interface can be seen clearly. At polar locations, the stress is substantially low. Shear yielding originates at equatorial points, due to formation of shear bands. As strain is increased to the point just prior to yield point, a thick band appears between the rubber zones ( Figure 11C ). The appearance of this band marks the onset of massive shear yielding in matrix. As already indicated, in the elastic range ( Figure 11A and B) , the shear bands form points of genesis for this massive shear yielding. With further increase in uniaxial strain, the whole matrix is subjected to a constant von Mises stress ( Figure 11D ). It is noteworthy here that the rubber zone remains under negligible von Mises stress due to the reasons already introduced. Figure 12 shows the variation of von Mises stress concentration in epoxy as a function of RVF. This was done to quantify the overlap of stress fields on stress concentration under uniaxial tensile loading. Stress concentration has been calculated by dividing maximum von Mises stress in the epoxy with the average von Mises stress (11) . Maximum and average stresses were determined at a constant strain at each RVF.
The von Mises stress concentration in the epoxy was observed to increase undeviatingly with RVF. This increase in von Mises stress is responsible for the lowering of yield strength of REs with RVF.
Summary and conclusions
In this work, detailed predictive modeling of an LR modified epoxy system was carried out. Experimentally obtained tensile properties exhibited a reduction with the RVF. Fractographic analysis of fractured specimens revealed biphasic morphology in REs characterized by microvoids formed due to cavitation of rubber zones. A 3D FE model coupled with NHT was employed to predict the bulk elastic properties of the developed REs. Predicted values of Young's modulus exhibited reasonable agreement with experimental results. The model was further employed to determine various stress concentrations in RVE. Hydrostatic stress reduced drastically as the stress state transformed from purely triaxial to purely uniaxial with an increase in the corresponding von Mises stress concentration. The triaxial state favors the occurrence of cavitation prior to shear yielding. A uniaxial state is however, more conducive for the shear yielding to precede the cavitation. RVF was found to have an insignificant effect on the concentration of stresses for the rubber-matrix system but plays a vital role for the void-matrix system. Increasing the Young's modulus and Poisson's ratio of rubber resulted in the lowering of von Mises stress. However, the hydrostatic stress in rubber increased, indicating increased possibility of cavitation. Young's modulus and the shear moduli of REs showed relative independence from the rubber's Young's modulus. However, the Poisson's ratio and bulk modulus were observed to have high dependency on the rubber's Young's modulus. The effective stress-strain relationship was predicted through the FE model and compared with those obtained experimentally. The predictions showed a reduction in Young's modulus and yield strength with RVF. The contours of von Mises stress indicated the genesis of shear bands at the equatorial locations of the rubber zone.
